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Abstract 

In braneworld models, Space-Time-Matter and other Kaluza-Klein theories, our spacetime 
is devised as a four-dimensional hypersurface orthogonal to the extra dimension in a five- 
dimensional bulk. We show that the FRW line element can be "reinvented" on a dynamical 
four-dimensional hypersurface, which is not orthogonal to the extra dimension, without any 
internal contradiction. This hypersurface is selected by the requirement of continuity of the 
metric and depends explicitly on the evolution of the extra dimension. The main difference 
between the "conventional" FRW, on an orthogonal hypersurface, and the new one is that the 
later contains higher-dimensional modifications to the regular matter density and pressure in 
4:D. We compare the evolution of the spacetime in these two interpretations. We find that 
a wealth of "new" physics can be derived from a five-dimensional metric if it is interpreted 
on a dynamical (non-orthogonal) 4D hypersurface. In particular, in the context of a well- 
known cosmological metric in 5D, we construct a FRW model which is consistent with the late 
accelerated expansion of the universe, while fitting simultaneously the observational data for 
the deceleration parameter. The model predicts an effective equation of state for the universe, 
which is consistent with observations. 
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1 Introduction 



Recently, there has been an increased interest in models where our four- dimensional universe is 
embedded in a higher- dimensional bulk spacetime having large extra dimensions. The scenario in 
these models is that matter fields are confined to our four- dimensional universe, in a 1 + 3 + o? 
dimensional spacetime, while gravity propagates in the extra d dimensions as well PP-[2. 

In gravitation and cosmology, much work has been done for d = 1. In particular, braneworld 
models as well as the space-time-matter (STM) theory have become quite popular. In brane models 
the cylinder condition of the old Kaluza-Klein theory is replaced by the conjecture that the ordinary 
matter and fields are confined to a four-dimensional subspace usually referred to as "3-brane" 
which is a domain wall in a five- dimensional anti-de Sitter spacetime. In STM the conjecture is 
that the ordinary matter and fields that we observe in 4D result from the geometry of the extra 
dimension [Zj-[lH!- This conjecture is supported by the fact that, as a consequence of Campbell's 
theorem P1]-PH1, solutions of the five-dimensional gravitational field equations in apparent vacuum 
can always be interpreted as solutions of the four-dimensional field equations with matter. 

Although brane theory and STM have different physical motivations for the introduction of 
a large extra dimension, they share the same working scenario. Namely, (i) they allow the bulk 
metrics to have non-trivial dependence of the extra dimension. The general bulk metric ansatz is^ 



(ii) Our four-dimensional spacetime is identified with a hypersurface Sq, which is orthogonal to the 
extra dimension (in the sense that it's normal vector = 5^/$ is tangent to the ?/-lines), and is 
located at some value of y 5n|-|22|, e.g.. 



(iii) The equations for gravity in AD are the Einstein equations with an effective energy-momentum 
tensor^, (iv) Matter fields and observers are unable to access the bulk. 

In this work we are concerned with point (ii) mentioned above. The main questions we ask 
here are: Why should we identify our four- dimensional spacetime with an orthogonal hypersurface 
(j2))? Why not to consider more general 4D hypersurfaces?. After all is an external condition 
and not a requirement from the field equations. What is the physical criterion to decide which 4D 
hypersurface can, or cannot, be identified with our spacetime? What would happen if we relax 
and consider that our universe can be generated on a non-orthogonal (to y-lines) 4D hypersurface?. 

In this paper we discuss these questions in the context of homogeneous cosmologies in 5D. As 
a master criterion for identifying our physical spacetime we require the fulfillment of the junction 
conditions. We show that these conditions are satisfied, not only on a hypersurface y = yo, but 
also on a time-varying AD hypersurface whose dynamics depends on the evolution of the extra 
dimension. 

^Many authors choose <i> constant and assume that the extra coordinate is spacehke, so that e = —1. 
^The effective matter quantities in 4£) do not depend on whether we calculate them using the STM or the 
braneworld paradigm; only the interpretation is different in both theories. 




(1) 



y = yo- 



(2) 
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Before continuing, in order to avoid misunderstanding, let us notice that in the approach dis- 
cussed in Refs. |2SI-|2ZI our spacetime is described as a domain wall moving in a static five- 
dimensional bulk, which is the 5D analog of the static Schwarzschild-anti-de Sitter spacetime. The 
consistency between that approach and the working scenario mentioned above is provided by the 
fact that there exists a coordinate transformation that brings the 5D line element of the static 
Sch — AdS bulk used in [2n]-|2Zl (with $ 7^ 1, but $ = 0) into the bulk in gaussian normal coor- 
dinates used in |2H]-jSn] (with $ = 1 and $ = 0). Therefore both approaches are equivalent but in 
different systems of coordinates PT] . 

We show that the effective, or total, matter induced on a time- varying^ AD hypersurface contains 
higher- dimensional modifications, due to the evolution of the extra dimension, which are absent on 
a "fixed" hypersurface 0- We argue that the interpretation of 5D metrics ony = hypersurfaces 
eliminates the effects of the extra dimensions on AD, leading to minor, if any, departures from the 
dynamics predicted in four-dimensional general relativity. 

Our aim is to compare and contrast the evolution of the conventional FRW spacetime, devised 
on a fixed AD hypersurface, with the evolution of the FRW spacetime "reinvented" on the moving 
hypersurface selected by the junction conditions. 

To this end we use a well-known cosmological metric in SD, which on y = reproduces the 
dynamics of the FRW models of general relativity. The spacetime model constructed on a moving 
hypersurface presents a much richer dynamics; there are two different scenarios. One of them can 
be used to represent an early universe, while the second scenario describes the recent evolution of 
the universe. We find that this later scenario (i) agrees with the observed accelerating universe, 
while fitting simultaneously the observational data for the deceleration parameter; and (ii) predicts 
an effective equation of state for the universe, which is consistent with observations. 

Our conclusion is that a wealth of "new" physics can be derived from a five- dimensional metric 
if it is interpreted on a dynamical AD hypersurface, as we suggest here. 



2 Homogeneous cosmology in bD 



In this scenario our homogeneous and isotropic universe is envisioned as embedded in a five- 
dimensional manifold with metric'^ 



dS^ = N\t,y)de - A\t,y) 



dr"^ 



+ r\d9'' + sm^ 



e^\t,y)dy\ 



(3) 



where k = 0, +1,— 1 and t,r,6 and (p are the usual coordinates for a spacetime with spherically 

symmetric spatial sections. We adopt signature (H ) for spacetime and the factor e can be 

— 1 or +1 depending on whether the extra dimension is spacelike or timelike, respectively. 



•^In what follows we use the short expressions "fixed" and "moving" hypersurface in order to refer to the orthogonal 
and non-orthogonal (to y-lines) hypersurfaces Sq and S, respectively. 

''Except for the factor <& 7^ 1, this line element is widely used in brane and STM models to describe homogeneous 
and spatially isotropic cosmologies in 5D. See for example [201, 
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The usual approach is that FRW models are recovered on some four-dimensional hypersurface 
Hq : y = yo, orthogonal to the y-lines. The AD metric on this hypersurface is then 



1 — kr"^ 



The junction conditions require the metric to be continuous across Sq. Therefore, 

N{t, yo) = iV|Eo = 1, A{t, yo) = A^^, = a{t). 



(4) 



(5) 



With this interpretation the evolution of the extra dimension, which is expressed through enters 
nowhere in the dynamics of the four-dimensional spacetime. In particular the effective matter 
quantities in AD are exactly the same as in general relativity; it doesn't matter whether we calculate 
them using the STM or braneworld paradigm; only the interpretation is different in both theories. 
Let us now assume that our universe is generated on a "moving" hypersurface 



S:y = /(t), 

which is not orthogonal to the extra dimension, in the sense that it's normal vector. 



1 + e($//iV)2 



7,0,0,0,1) 



(6) 



(7) 



is not tangent to the |/-lines. 
The metric induced on S is 



dsi 



dr'^ 



1 — kr"^ 



+ r'dQ' 



(8) 



By assumption, on S we should recover the FRW line element (0)). The continuity of the 5D metric 
across S demands 



A\tJ{t)) = a\t). 



(9) 



The first equation allows us to determine the hypersurface f{t). This is a differential equation with 
two solutions. One of them is the "trivial" solution f = fo = constant, which gives rise to the 
conventional FRW models given by (0). 

The second solution is the one important to us; it yields a different FRW universe where the 
scale factor depends on /, which in turn depends on $. Therefore, with this interpretation, the 
dynamics in AD crucially depends on the evolution of the extra dimension. Thus, it carries higher 
dimensional modifications to general relativity. 

These modifications become evident when we study the total, or effective, induced matter quan- 
tities^. Specifically, we find that the effective matter density pe// can be separated in two parts 



Peff = pO+Pf- 



(10) 



^As it was mentioned in the Introduction, in point (iii), the effective matter quantities are obtained from the 
Einstein equations in AD. 
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where 



3(- + 




(11) 



Here a = dA/dt and a' = dA/dy, both evaluated at y = /(t), so matter quantities depend on t, but 
nof in The first term po is the usual general relativity term recovered on y = i/q hypersurfaces. 
The second one is the higher dimensional correction, which depends on the evolution of the extra 
dimension, viz.. 



/ 



e$2 



Similarly, the effective pressure can be separated as 



Peff=PO+Pf, 



with 




'Ad' 2da'\ ■ f 2a" a 




(12) 



(13) 



(14) 



(15) 



Thus, if we take / = constant, then the effective matter content is the same as in four- dimensional 
general relativity. Therefore, we conclude that the choice y = yo suppresses the effects of the extra 
dimension on the dynamics of AD. There are only minor departures in the interpretation of the 
effective matter quantities, depending on the theory, but this does not affect the evolution of the 
universe, which depends on the total matter and pressure. 

If / 7^ constant, then pf and pf play a crucial role in the evolution of our AD universe. 



3 The standard cosmological model 

In order to get a feeling of the "new" physics associated with the higher dimensional modifications 
carried by the choice / 7^ constant, we will consider the well-known 5D metric [H] 

dS^ = yV - A2t2/"^2/(i-") [rf^2 ^ ^2^^q2 ^ gi^2 ^^^2^] - a\l - a)~H^dy^ (16) 

where a is a dimensionless parameter, and A is an arbitrary constant with dimension L"^/"". The 
extra coordinate y is taken to be dimensionless. This is a solution of the five-dimensional Einstein 
equations in 5D vacuum, i.e., ^^^Tab = 0. 

^This is the requirement (iv) mentioned in the Introduction 



5 



On the hypersurface T, : y = f(t), the induced AD metric is 



The junction conditions require the metric to be continuous across S. Specifically, on S 

ds\ = dt^ - a^{t) [dr^ + r^dQ^] , (18) 
for spatially fiat FRW models. Thus, 



and 

a{t) = (20) 

Equation (jl9|) has two solutions. The simplest one is / = 1, which corresponds to the usual 
interpretation. Namely, on the hypersurface So : y = yo = 1, this metric corresponds to Friedmann- 
Robert son- Walker models with fiat 3D sections. For the case under consideration, using p6|) (fTT|l 
and (fTH) we obtain 

3 fSof 3l 
SvrGpo = and SvrGpo = ^ — • (21) 

The equation of state of the effective perfect fluid in 4D is: p = 'yp with 7 = {2a/3 — 1) [a = 2 for 
radiation, a = 3/2 for dust, etc.). 
The other solution to (fT^ is 

/(i) = i + (22) 

where C is a constant of integration with units of L*^""^^/". We note that we cannot set C = 0. So, 
there is no continuous connection between this and the y = 1 solution. 

A simple inspection shows that the behavior of the cosmic scale factor crucially depends on 
whether a > 1 or o; < 1. We now proceed to investigate them separately. 

3.1 The solution for a > 1 

The cosmic scale factor is given by 

ai(t) = Ai(2Ci)i/("-i) (23) 

In the very early universe, for small values of t, we have ai ~ t'^^°', and the corresponding matter 
distribution is 

^ 12 ^ 4(a — 3) Peff a — 3 , 

= 8.Gp.„ = ^. ^ = — . (24) 
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The gravitational density of the induced matter is 

{Peff + ^Peff) = (a - 2)pe//, (25) 

and the deceleration parameter q is 

« = ("-2). (26) 

The dominant energy condition applied to primordial matter confines the possible values of a. 
Namely, 

1 < a < 6. (27) 

The above shows that (i) for a > 2 the effective primordial matter behaves similar to ordinary 
gravitating matter (like radiation for a = 4, or stiff matter for a = 6) where the expansion is 
slowing down; (ii) for a = 2 the effective primordial matter behaves like a network of cosmic strings 
{peff = —Peff/'i) and (iii) for 1 < a < 2 the primordial cosmological "fluid" has repulsive properties; 
it violates the strong energy condition (pe// + 3pe//) > and the deceleration parameter is negative. 

A remarkable feature of this solution is that for large values of t, ai tends to a constant value, 
viz., ai(t) Ai{2CiY^^°'~^\ asymptotically. In terms of the redshift z] the coordinate t used in oi 
does not cover the whole range z G (0, cx)); where z = and z = oo represent the redshift today and 
at the big bang, respectively. Therefore, ()23|) describes the evolution of the universe from z = oo 
to some z> 0, which depends on a. 



3.2 The solution for /3 = a < 1 

In what follows, in order to avoid any confusion we will use j3 to denote a < 1. With this notation 
the cosmic scale factor is given by 

a2{t) = A2(l/2C2)^/(^-^) \l + C^V^i-^)/^] '^^''^^ . (28) 



We observe that the constants here are different from those in ()23|) . In particular they have different 
units. Namely, 

C2~L-(^-^)/^ (29) 

Fort = 0, a2(t) = v42(l/2C2)^/(^~^). So, if we choose the constants in such a way that v4i(2Ci)i/("-i) = 
A2{l/2C2y^^^^^\ then 02 starts exactly where Oi ends. The conclusion is that ai and 02, represent 
different stages of the evolution of the universe; ai can be used to represent an early evolution from 
z = 00 to z =z> 0, while 02 corresponds to late stages of the evolution from z =z> to 2; = 0. 
In principle, one can obtain I in terms of a and /5 by joining the metrics ai and 02 across a 

t =t= constant hypersurface. However, such calculation is beyond the scope of this paper. 
For this solution the deceleration parameter is 
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where we have used the dimensionless coordinate y 

y = ^2^(1-/3)//^. (31) 

Clearly for "large" values of t, q2 becomes negative, meaning that the expansion is speeding up. 
Evidence in favor of a recent accelerated expansion is provided by observations of high-redshift 
supernovae la [2H]-|SH], as well as other observations, including the cosmic microwave background 
and galaxy power spectra 

Let us study this in more detail. The effective matter quantities are 

SnGpeff - 



R^r. 4(/3 - 3)y^ + 4(3/3 - 2)y 

For large values of t, or y, the effective pressure is negative. In order to interpret this, the usual 
approach is to invoke the existence of some kind of matter, sometimes called missing or dark 
energy, which possesses a large negative pressure jlHl- The simplest candidate for this energy is 
the cosmological constant jSHl, IIZ], IIH], which looks like an ideal fluid with negative pressure 
Pa = -pA- 

Therefore, we assume that the universe is filled with ordinary matter and a cosmological term, 

i.e., 

SrcGpeff = STiCpm + A, 

STrGpeff = 87cGpm-A. (33) 

Since the overwhelming time of the evolution of the universe is spent in the matter-dominated 
domain, we set Pm = and find 

4(3y' + 4(3/? - 2)y 
^^Gpm = ^2,2(1 + ^)2 ' (34) 

and 

A _ ^ (3-/3)l/^-(3/3-2)y 

An important quantity in cosmology is the so called density parameter Qrn, which is 

_ SnGpm _ 1 
- 3^2 - 3 

This expression leads to interesting results. 



/3+i3/3-2)y'' . (36) 
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3.2.1 Relation between observables q and Vtm- 
Substituting (j36|) into q2 from (j30|l . we get 

3 

g2 = -1 + 2^"i' (37) 

regardless of (3. In particular, if we take VLrn = 0.3 today, then we obtain 

92 = -0.55, (38) 

for the present acceleration, which is within the region of the suspected values for the present 
acceleration of the universe. 

3.2.2 Equation of state of the universe: 

For the total, or effective, energy density and pressure the equation of state of the universe can be 
written as 

w = ^-^. (39) 

Peff 

Then, from (jH^ and (jHUI) we find 

W = -l + (40) 

which for Qm = 0.3 gives w = —0.7 in agreement with observations. Indeed, this result is similar 
to the one derived for quintessence jlH]- In this framework, observations from SNe la and CMB 
indicate that the equation of state for quintessence wq = Pq/pq has an upper limit wq ~ —0.6, 
which is close to the lower limit wq ~ —0.7 allowed for quintessence tracker fields |50j . 

3.3 Example: (5 = 2/3 

An important question is whether the effective matter satisfies some physical conditions. We know 
that the strong energy condition has been violated in different stages of the evolution of the universe; 
first during inflation and now during the present accelerated expansion of the universe. However, we 
can still require (i) that the total energy density and pressure satisfy the dominant energy condition; 
(ii) positivity of the matter energy density; (iii) positivity of the cosmological term. We consider 
any kind of "exotic" matter not satisfying these conditions as "unphysical" . 

There are many choices of f3 for which the matter, during the epoch described by 02, satisfies the 
above-mentioned physical conditions. However, here we will focus on the simplest example, which 
is for P = 2/3. In this case y = C|t, the deceleration is constant q = —2/3 and flm = 2/9 ~ 0.22, 
which are in the region of allowed values. The total matter and pressure 

27C'^ 21C^ 
= SvrGp,,, = (41) 

satisfy the dominant energy condition. The matter density and cosmological term are positive as 
required, viz., 

6C| _ 21C| 

SnGpm- (1 + ^2^)2' (1 + C|t)2- ^^^^ 
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We would like to point out, the obvious fact, that the separation of effective quantities into com- 
ponents is not unique. For example, we could assume that the effective matter is the superposition 
of several fluids with distinct equations of state. What is important here is that only the effective 
(or total) quantities have observational consequences. 

4 Summary and discussion 

In this paper we have shown that the familiar FRW line element can be recovered not only on a 
orthogonal hypersurface Sq : ?/ = yo; but also on a non-orthogonal one : y = f{t), without any 
internal contradiction. 

The "physical mechanism" for the choice of the four-dimensional subspace is provided by the 
continuity of the 5D metric across S : y = f{t), which yields ©. Thus, the same mechanism 
that leads to the choice / = /o = constant, is the mechanism that allows / ^ constant. Usually, 
the embedding / = /o = constant is the only one considered in the literature. Therefore, the 
motivation of this paper has been to study the feasibility and consequences of the second possibility 
/ 7^ constant given by (fT^ . 

The effective energy-momentum tensor in four- dimensions is defined through the Einstein field 
equations in 4D, namely 

(^)G,. = 87rGTlfJf\ (43) 

which is indicated in the Introduction as point (iii). This effective energy-momentum tensor is the 
one that governs the dynamics in AD. As a consequence of the contracted Bianchi identities in 
4D, = 0, the effective energy-momentum tensor satisfies the standard^ general relativity 

conservation equations, viz., 

yMJ^^e//) = 0. (44) 

Thus, for any solution of Einstein's field equations in 5D one can define an effective energy/matter 
density and pressure^. The effective equations in AD ()43p are the same in braneworld models as well 
as in STM [221, just the interpretation is different^. It should be emphasized that the interpretation 
of the effective energy-momentum does not affect the evolution of the universe. 

Therefore, in the present paper we have adopted a "generic" approach and studied the physics 
of the effective matter quantities on S, defined through the Einstein equations in AD. They contain 
not only the "ordinary" po and po matter terms of general relativity, recovered on the orthogonal 
So hypersurface, but also pf and pf which look as the density and pressure of some "new" matter. 

^If in the bulk there were scalar and/or other fields, other than '^■'Tab — A^^^jab, then this would be no longer 
true, in general. 

^Mathematically, it is now accepted that Campbell's theorem guarantees that any solution of the four-dimensional 
Einstein field equations with matter can be derived fi'om a solution of the five-dimensional Kaluga-Klein equations 
in apparent vacuum, provided an appropriate identification is made for the energy-momentum tensor 

^It is well known that in GR, the same energy-momentum tensor can be interpreted in different ways. In brane 
models, the assumption is that our universe is a singular surface in an Anti-de Sitter universe of five dimensions. 
In this case Israel's boundary conditions are used to define an energy-momentum T^f^''"^'. Then Tl^l^ = T^l^°-'^'' + 
quadratic "corrections" -|- dark (or Weyl) energy (radiation). In STM, T^^l-^ is usually interpreted as the superposition 
of fluids with different equations of state. 
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This new matter is an effect from the gravitational field in the bulk, transmitted to AD through the 
dynamics of S : ?/ = /(t). In the conventional FRW interpretation, for which y = yo, our spacetime 
is disconnected from the extra dimension in the sense that these new terms do not appear. 

Thus, a wealth of new physics can be derived from a five-dimensional metric if we interpret it 
on a dynamical (non-orthogonal) 4D hypersurface, as we suggest here. Our discussion in section 
3 clearly illustrates this point. Namely, the cosmological metric (fTBj) . when interpreted on a fixed 
hypersurface : y = yo, corresponds to familiar power-law flat-FRW models ()21|) in 4D. Nothing 
else; there are no dynamical effects coming from the extra dimension. 

However, a very different physical picture is obtained when the FRW line element is recovered 
from (fTHIl on T, : y = f(t). In this case, the evolution of the universe can be separated into 
three stages. The first one is the early universe, which can be described by the solution ai(t), as 
discussed in section 3.1. As the universe expands and ages, ai (t) ^ Ai(2Ci)V("-i)^ asymptotically. 
Consequently, the second stage corresponds to the end of the era described by Oi and the beginning 
of the era described by 02. In the third stage, which is described by 02, the universe can be 
considered as a mixture of dust and a variable cosmological "constant" . In this epoch the universe 
is dominated by the vacuum energy, which is responsible for the observed present acceleration. 

It is important to note that similar results are obtained from very different approaches. For 
example, the effective equation of state of the universe, for the total pressure and density. Our 
result pn|l . is quintessence-like namely, w ~ —0.7, for Qrn ~ 0.3, which coincides with the one 
obtained from other models [^-|5()j. 

Also, if we use that flm + = 1, then our formulae for the deceleration parameter (jHTjl and 
the equation of state of the universe ()40|) can be written as 

q = 2-^{n^ + 2nA), (45) 

and 

w = l- nm- 2(^A. (46) 

These expressions are identical to those obtained in braneworld models with variable vacuum energy 
|KT] . on a fixed hypersurface Eq : y = yo- They reduce to the appropriate FRW-counterparts for 
f^A = and flrri = 1- In particular we obtain g = 1/2 and w = as in the dust-FRW cosmologies. 

We would like to finish this paper with the following comment. The cosmological metrics given 
by ai and 02 are interesting in their own right, regardless of the way they were obtained. A 
more detailed investigation of these cosmologies is presented in where we match them across a 

t =t= constant hypersurface and obtain, among other things, a detailed information of the "second" 
stage of evolution mentioned above. 
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